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Abstract. In this paper, we investigate the one-dimensional derivative non- 
hnear Schrodinger equations of the form +iX Ux = Q with non-zero 

A G R and any real number fc ^ 5. We establish the local well-posedness of the 
Cauchy problem with any initial data in H^^^ by using the gauge transforma- 
tion and the Littlewood-Paley decomposition. 

1. Introduction. In the present paper, we consider the following Cauchy problem 
for the derivative nonlinear Schrodinger equation 

iut - + i>^Wt ^ (t,x)eR^, (1.1) 
u{0,x)^uo{x), (1.2) 

where u = u{t, x) : — > C is a complex-valued wave function, both A 7^ and 
fc ^ 5 are real numbers. 

A great deal of interesting research has been devoted to the mathematical analysis 
for the derivative nonhnear Schrodinger equations [51 HI 151 [71 [51 1^1 [TU l [T H [15 1 [T5 1 . 
In [T5], C. E. Kenig, G. Ponce and L. Vega studied the local existence theory for 
the Cauchy problem of the derivative nonlinear Schrodinger equations 

iut + + /(m, u, Ux,Ux) = 0, (t, x) e R^, 

with small data it(0, x) — Ufj{x) in H''/^ where / is a polynomial having no constant 
or linear terms with the lowest order term of degree being greater than or equal to 
3. Subsequently, it was improved to by N. Hayashi and T. Ozawa [TT] . 

If the nonlinearity consists mostly of the conjugate wave u, then it can be done 
much better. In the case / = [uxY , A. Griienrock, in [5], obtained local well- 
posedness when s > Sc — 3/2 — l/(fc — 1), s ^ 1, and k ^ 2 was an integer. In 
particular, the global well-posedness in is obtained when / = i{ux)'^ with the 
help of the Bourgain spaces (cf. [HHSj). 
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In [21], H. Takaoka discussed the derivative nonlinear Schrodinger equation of 
the form 

ut - iuxx + \u\'^Ux = 0, {t,x)eR'^, 

and obtained the local well-posedness in iJ* for s ^ 1/2 by performing a fixed point 
argument in an adapted Bourgain space X^j, which yields a C°°-solution map. 
A very similar equation to (jl.ip is the generalized Benjamin-Ono equation 

ut+Hu^x±u''u^ = 0, (^,x)eR^ (1.3) 

where u is a real-valued function, Ti. is the Hilbert transformation defined by 

Hf{x) ^-i [ e"«sgn(C)/(Orfe, 



and fc ^ 2 is an integer, the symbol " (or ^) denotes the spatial Fourier trans- 
form. For this equation, L. Molinet and F. Ribaud (THl [H] obtained the local 
well-posedness in the Sobolev space for s > 1/2 if fc = 2, 4, s ^ 3/4 if fc = 3 and 
s ^ 1/2 if fc ^ 5 by using Tao's gauge transformation. In [14], C. E. Kenig and H. 
Takaoka have shown the global well-posedness for the case fc = 2 in H" for s ^ 1/2 
by combining the gauge transformation with a Littlewood-Paley decomposition and 
following the compactness argument with a priori estimates with the help of the 
preservation of the Hamiltonian and the L^-mass. 

In the present paper, we shall generalize the above results to the derivative 
nonlinear Schrodinger equation with fc ^ 5 by using some ideas in |14j . However, 
we have to reconstruct new and complicated estimates for the case fc ^ 5 which is 
quite different from the case k — 2. 

We first state the main result of this paper as follows, though we shall define 
later the function space Xt at the end of this section. 

Theorem 1.1. For any uq & H^^"^, there exist a T — T(\\ua\\jj-i/2) and a unique 
solution u of (|l.ip - (|1.2p satisfying 

u e C([-T, n^T. 

For convenience, we now introduce some notations. For nonnegative real numbers 
A, B, we use A < B to denote A ^ CB for some C > which is independent of A 
and B. A ^ B means A < B < A, and A ^ B denotes A ^ CB for some small 
C > which is also independent of A and B. 

To give the Littlewood-Paley decomposition, let if] he a. fixed even C°° function 
with a compact support, supp^ C {|^| < 2}, and tp{S) = 1 for |^| < 1. Define 
ip{^) = ip(^) - ■0(2^). Let iV be a dyadic number of the form N j eNU {0} 

or TV = 0. Writing ipn{£,) = 'fii^/N) for ^ 1, we define the convolution operator 
by PpfU = (pN * u, where the symbol ~ (or ^~^) denotes the spatial Fourier 
inverse transform. We define the function lpq by (/3o(0 — 1 ~ Vn{S,) and denote 
Pqu ~ ipQ * u. Then we introduce a spatial Littlewood-Paley decomposition [20j 

Y.Pn = I. 

N 

Throughout this paper, we often use the Littlewood-Paley theorem (cf. [501113]) 

1/2 



IIV^II LP ' 

LP 
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for I < p < oo. We also use more general operators P^n and P<n which are 
defined by 



and P>Ar, P>N E^J^d P^jv which can be defined in a similar way. The Littlewood- 
Paley operators commute with derivative operators (including |V|^ and idt — dxx), 
the propagator S{t) = e~**^^, and conjugation operations, are self-adjoint, and 
are bounded on every Lebesgue space and homogeneous Sobolev space if 
1 ^ p ^ oo. Furthermore, they obey the following Sobolev and Bernstein estimates 
for M with s J5 and 1 ^ p ^ oo (which is similar to those of three dimensions [5l): 



<N^'\\PNfh.. 



LP 



PN\y\^'f 



LP 



which can be verified by combining the Bernstein multiplier theorem [T] and the 
interpolation theorem of Sobolev spaces. 

We define the Lebesgue spaces L^Lp and L^L^ by the norms 



ll/llL?f 



\L?.LZ 



ll/l 



L?([0,T]) 



L|([O.T]) 

In particular, we abbreviate L^L^ or L^.L'ip as ^ in the case p — q. 
We also use the elementary inequality |5j 

1/2 



AT 



1/2 



Lr^Lj. 



V N J 



for all 2 ^ ^ oo and arbitrary functions /^r, and the dual version 



Ell/- 



1/2 



N 



1/2 



N 



L%^ L^ 



where p' is the conjugate number of p given by l/p + 1/p' — 1. It is easy to verify 
that they also hold if we replace the norm L'^LP by the norm L^.L'^p in both side of 
the above inequalities. 

Let (•) = (1 + |-|^)^^^. We use the fractional differential operators D^. and (Dx)" 
defined by 

Thus, we can introduce the resolution space. For T > 0, we define the function 
space Xt in a similar way as in T4] by 



T 



{uey'{{~T,T)xM.):\\u\\x<^}, 



where 



E \\9xPnu\\1^l^^ 

K N ) 
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1/2 / 2 \ 



\ N ) \ N 



2. Gauge transformation. We transform the equation (jl.ip by introducing the 
foUowing complex- valued function wjv : IR^ ^ C for a dyadic number N given by 

VN{t,x) = e-"* /--l^«""(*'^)l''^^PjvM. (2.1) 
By computation, we have 



idtVM - dlvN - - zAe-"^ 



Pn{\u\^ Ux) - \P.^NU\'' PnUx 



^e-^ \P«Nur Pnu. (2.2) 



,2k 

For the second term, we integrate by parts and have 



(idt-di) \P<<Nu{t,y)\'' dy 

J — oo 

- iP^Nuf^^ {dtP^^NuP^NU + P^NudfP^Nu) dy 

^ |P«Ar-u|''"^ [d^P^NuP^NU + P^NudxP^Nu) 

iX\u\ Ux) 
-P<^nuP^n{uxx + iA Ux)j dy 



2 

^ k 



^ |P«Aru|'' ^ {P-^nUxP-^nu + P^nuP^nU:, 



k{k — 2) fc_4 

= / T \P^NU\ ' [{P^NUyP^^Nuf - [P-^NUyP^Nuf] dy 

f zAA; |^^^^|fe-2 p^^^ |^|fc _^ -^^ - fc |P«ArM|''"^ P<^nuP^nUx 

Thus, Wat obeys the following differential-integral equation 

idtVN — d^VN{t, x) 
= _^Ae-'^^-~l^«""l'''^ [PNQufux] ~ \P«NufPNUx 

-'2^Z^e-'^f-^^^«^"^\''yPr,u r \P<<Nut'- 

8 J-oo 

[iP^NUxP<s:Nu)^ - iP<g:NUxP<$:Nuf] dy 
_^^-^Il^\P«^^\'''iyp^^ r \P^^^uf-'P^<^\uf{ux + Ux)dy 

+ !^e-^ flJP«^-\'''iy iP^^^uf-' PnuP^^nuP^x 
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=lN,l{t,x) +/Ar,2(i,a;) + lN,^{t,x) + lNA{t,x) + lN,5{t,x). (2.3) 

The equivalent integral equation reads 



VN{t) =S{t} 



^-'t I-JP«NUo{y)\''dy 



Pnuq 



-i S{t-T)[lN,l+lN,2 + lN,3 + lN,i + lN,5]{T)dT. (2.4) 

3. Preliminaries. In order to prove the a priori estimate for the equation of vn, we 
need the linear estimates associated with the one-dimensional Schrodinger equation. 
We first recall the Strichartz estimates, smoothing effects and maximal function 
estimates. For the proofs, one can see [T4] . 



(3.1) 
(3.2) 
(3.3) 



Lemma 3.1. For all cj) G ^(M), 9 e [0, 1] and T e (0, 1), 



\\sm\ 



< 



Lrj^ Lj. 



lL2 ' 



\\sm\ 



< 



We also need the L^Lp and L^L^ estimates for the linear operator / i-^ S{t- 
T)f{T)dT. For the proofs, one can see 14]. 

Lemma 3.2. For f e y{M.'^), 6 G [0, 1] and T e (0, 1), 



S{t - T)f{T)dT 



< 



{D.,Y- \ S{t~T)f{T)d7 



L?S-Ll 



{D,,)^- / S{t^T)PNf{T)dT 



< 



W^II/llrPC),.^ 



Sit - T)f{T)dT 



^ 11/11 rP(«)r9(«) ) 



/ S{t-T)f{T)dT 



<ll/l 



S{t - T)PNf{T)dT 



2 



< 



Sit - T)f{T)dT 



/ S{t - T)f{T)dT 



< 



< 



/II 



(3.4) 
(3.5) 
(3.6) 
(3.7) 
(3.8) 
(3.9) 
(3.10) 
(3.11) 



where p' is the conjugate number of p G [l,oo], i.e. l/p+ l/p' ~ 1, and 

1 _ 3 + e 1 3-6' 

Next, we recall the Leibniz' rule for a product of the form e^^g where F is the 
spatial primitive of some function /. For the proof, we refer to [Ml I17j . 
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Lemma 3.3 ([HI Lemma 3.5]). Let a G (0, 1), p, pi, p2, q, qi £ (1, oo), q2 £ (0, oo] 
with - = — + — , - = — + —, and let F(t,x) = f(t,y)dy, with real-valued 
function f . Then 



4. Bilinear estimates. In this section, we prove the following space-time estimate 
which is crucial to the proof of the nonlinear estimates. 

Proposition 4.1. Let u G and p ^ A be a real number. Then we have 

h^^hui ^ II^II^T + + \\u\\^J \\u\\^^ \\P»in\\x^ ■ (4.1) 
Proof. By the Littlewood-Paley decomposition, we can write 



N1.N2 



< 



PNiUPn2Ux 

Ni~N2 



(4.2) 



Lj-Lrj 



PniUPn^Ux 

Ni:^N2 



■h +I2 + L3 



(4.3) 



Now, we derive the estimates for /i, I2 and /a, respectively. 
From the Holder inequality, the Bernstein type inequalities and the real interpo- 
lation theorem, we have 

^1 - H \\PnM\lI''L^^\\Pn2Ux\\lI''L^^^ \\PN^u\\^2p^,^N2\\PN2u\\LlPL^^ 



Ni~N2 



N 



<Y,\DI'^PN{P<IU + Pyyiu)\ 



N 



AT ^ N 

N N 

< E \\PNu\\l2.^,^+Y,N\\PNP»iuh.i^^ \\PnP»iu\\^^^2^ 



N<1 



N 



Applying the Sobolev embedding theorem and the Holder inequality to the first 
term, and Bernstein estimates to the second term, we can see that it is bounded by 



<Tl/2 \\u\\l^+J2\\PNP»luh.L^ \\dxPNP»lu\\^^^2 



N 
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By the Cauchy-Schwartz inequality and the Sobolev embedding theorem(i.e. H^^^ C 



H, 



l/4-l/p 



C LP for the real number p ^ 4), we can bound it by 



<TV2 \\u\\l^ + \\P^^,u\\l^. 



For I2 or I^, it is suffice to consider one of them, e.g. I2, in view of symmetry. 

For Ni -C iV2, we have 

PniUPn^Ux = Pn2{PniUPn2Ux), 

where Pat = X]j=-2^2JAf- We spHt these into three cases, i.e. iVi < 1 ^ N2, 
^1 < < 1 and 1 < iVi < A^z- For the case iVi < 1 < iV2, from the Holder 
inequality and the Littlewood-Paley theorem, we can get 



JVl<l<JV2 



{Y.\PMP<luf^ 

< E WPmAIil^ I ( E \\PmP»iUx\\I^^A 
\m<i J \ m J 



1/2 



1/2 



(4.4) 



For the case A''i <C ^ 1, we have, by the Holder inequality and the Littlewood- 
Paley theorem, that 



E PniUPn^Ux 
Ni^N2<l 



E P^N2uPn2 

N2<1 



<jnl/2 



1/2 



E \P-^N2U\- 
kN2<1 



T 2p T oc 

1/2 



1/2 



E l^w^"-! 

V^2<1 



\^2<1 / 

For N2 ^1, we have, by the Sobolev embedding theorem, that 

\ 1/2 



(4.5) 



l|-P«JV2W||^2p^oo 



E \PmP-^N2'u\ 

\ M 

1/2 



1/2 



E Ni^M-'^\\PMu\\l..,^] < f E ■ 



^ E \\Pmu\\Iipl^ 

\ 1/2 
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1/2 



, Af<l 



where e = [p — l)/2p. Thus, (|4.5p can be bounded by 

1/2 



<j,l/2 ^ ^2e H^.^<rV2||.||^^ 



kAf2<l 



Now, we turn to the case 1 <C A^i ^ -/V2. From the Littlewood-Paley theorem, 
we have for p ^ 4 



KAfi<Af2 



< 



Afi»l 



Afi»l Afi>l 

Noticing that 

\ 1/2 



A'l^llLgL- ll^»A'iM:r|lL~i2^ • (4.6) 



II-P»jviW^IIl=oli 



<\\u\ 



M 



1/2 



and for A^i 3> 1 , e = 1 /p and p > 4 

\\PniU\\^p^^ = ||PAri(P<lU + P»iu)||^p^^ = ||P7ViP»lM||iPi=o 

=7Vr7Vf \\PN,P»iuh.r^ ^ Nr \\DlPN,P»iuh.r. 



LiLZ 



<7Vf^ {Dx)'iPN,P^iu 
we can bound (|4.6p by 



(4.7) 



A'i>l 



<ii"iixJ E 



E ||(^x)^PiViP»iii 

A'i»l 



vAfi»l 

in view of the Holder inequahty. Thus, we have obtained 



2 



(4.8) 



<Mx^\\P»M\xr^ Vp^4. (4.9) 



E PniUPm^Ux 

Therefore, we have the desired resuh (14. ip for any real number p ^ 4 



□ 



5. Nonlinear estimates. To state the estimates for the nonlinearities In.j, we 
define the function space Yt equipped with the following norm: 



'2 + u r2 



We have the following proposition for the nonlinearities. 



WELL-POSEDNESS FOR ID DNLS 



9 



Proposition 5.1. Let u be a H°° -solution to (ll.lll - (|1.2p . Then, 

2 \ 1/2 



< 



E 

(l + ll«ll 



f S{t~r)Y,lNAr)dr 



|2fe-l 



||(5fc-2)/2 



k 

WXt 



\\ut+}\\P»iu\t^'' + {\ + T-^\\u\\ 



\\P»iu 



fe+l-fc 



l2fe-l 



\\P»iu\ 



|3/£ 



+ (1 + Wut^^) \\u\\'^^ \\P»M\x. + (1 + \\u\\^^f Wuf-^' 



\Xt II »^"'\\Xt ' 

where k denotes the maximal integer that is less than k (i.e. k = [k] if k is not an 
integer and k = k — I if k is an integer where [k] denotes the maximal integer that 
is less than or equal to k). 

We consider each nonlinearity separately. 

5.1. Nonlinear estimates of In,i- Noting that the term Pn{\P<s^nu(' u^) has 
Fourier support in |^| N , we have 

PxiWf" Ux) - |P«jvu|'' PnUx 

^Piy{{\u\'' - \P^nu\'')ux) + Pn{\P4^nu\'' Ux) - \P<^Nu\*' PnUx 

^Pj^{{\u\^ - \P^Nut)Ux) + PN^W^Nuf" PnUx) - \P^Nuf PnPnUx, (5.1) 



where Pa 



-^N = Pn/2 + Jr-N + Jr-2N- 

For the second term in (|5.ip . we have the following estimate. 
Lemma 5.1. Let u be a solution of (|l.ip - p.2p . Then, we have for any k ^ A 

\ 1/2 



Pn + P?. 



I E \\PN{\P«Nuf PnUx 
\Af>l 



|P«ArM| ' PnPnUx 



(5.2) 



<Ti ll^ll^^ ||P»l^^||^, + il+Ti \\U\\^) \\u\f^-' \\Pyy^u\t 



[Pxifg)- fPN9){x) 

Thus, we have 

PN{\P^Nut PnUx) - \P<g:Nuf PnPnUx 



Proof. To shift a derivative from the high-frequency function PnUx to the low- 
frequency function \P^nu\^ , we require the following Leibniz rule for Pn from |14j : 

'PNiy)yfxix~r]y)g{x~y)dy]dr]. (5.3) 



< 



\\v'N{y)y\\Li i\P<i:Nu\ )x 



PnUx 



<iV-i||^i(y)y||^i {\P«Nut)x 



Ll 



LIL 

Pnu, 



< 



{\P«NUna 



Pnu 
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Pnu 



(5.4) 



Decomposing P^nu — P^iu + Pk.^atm for TV ^ 1, we have 



P^nUxP^nu = P<^iUxP^nu + Pi<.^NUxPiiiu + Pi<.^nUxPi<-^nu. (5.5) 
For the first term in (|5.5p . we have 



\\P<i^lU^P^Nu\\^,^2^ <\\P^lUx\\L2kL2^ l|-P«W'"||i2fci,o= 

<T^^'\\P^iu\\^.,,^^ \\P«NU\\^.^, 
By the Littlewood-Paley theorem, we can obtain 

/ \ 1/2 

^ \PmP«nu\' 



\\P«NU\\ 



< Ij2\\PmP«nu\\12.^A 

<( E \\iDx)'^PM 
\M>1 



1/2 



< ll^»l"llx, ■ 



In the similar way, we have 



\\P^iu\\^,,^^ < \\u\\^^ 



Thus, 



PsilUxP<S:Nu\\rkT2 < Hull \\p^^,u\ 



(5.7) 



For the last two term in (|5.5p . in a similar way as in the proof of Proposition [471 
we can obtain the following bound: 



(5.8) 



\\Pi«-«NuPi«.«NUxh^Ll ST~' II^IlL + i^ + T-- \\u\\x^) \\u\\^^ \\P»iu\\x^ . 

(5.9) 

From the Sobolev embedding theorem and (|5.7|) - (|5.9p . we obtain that ()5.4|) can be 
bounded by 



< hllx. + il + Ti \\u\\^J llull^;^ \\P»iu\\x, 
Thus, we can bound (15. 2|) by 



Pnu 



< 



(t^||«||^^ + (1 + T^||^||;,^)||u||^;1||P»i«||^^) [e 11^^ 

\Af>l 



1/2 



<Ti \\uf^^ \\P»iu\\^^ + {1 + Ti \\u\\^^) WuW'-' ||P»iu||5,^ 
which yields the desired result. 

For the first term in (|5.ip . we have the following estimate: 



□ 
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Lemma 5.2. Let u be a solution of (|l.H) - (ll.2p . Then, we have for any k ^ A 

(E WPnUH' -\P«Nu\')u,)\\l,^^^j 

Iklliv ll^»i^llx/ + (1 + Il^lli ll^'»i«ll^t'"' • (5.10) 
Proof. We split (|5.ip into several terms for ^ 1 and fc > 4 

Pjv((|u|' - (5.11) 

=Pjv(|u|''"'uu,P>jvu) (5.12) 

+ PnHH"-^ - \P«Nu\''-^)uu^P«Nu) (5.13) 

+ Pn{\P«nu\''-^u,P«nuP>nu). (5.14) 



Notice that 



1/2 / ^ 1/2 



I^>^"IIl^l^ I E II^M^Iliji^ I < I E N-'^'M'^^ \\Pmu\\1,^,. 

,M>N / \m>N 

1/2 

^ ^-2e.pe.p^^^||2^^^ ' 
, M>Af 



< 



\M>N 

<iV--^ \\P»iu\\^^ , Vfc > 4, 

where Sfc > is defined by Sk ~ l/k. 

Thus, for the first term (I5.12p . from the fact ||i^jv|lii ^ 1 and Proposition 14.1 
we have for k ^ A 

\\Pn{\u\''^^UU^j;P>nu)\\^i^2 ^ ||l"l''^^""2;P>Ar1t||^i^2 



hWxr \\P»iAx^ + {l + Ti \\u\\^J ||u||^^ \\P»iu\\l^ 



Therefore, we obtain, for any fc ^ 4, that 



( E WPnIH'' ^uu,P>nu)\\1,A 



1/2 



<T^ ||P»i^^|lx. + (1 + Ikllx.) hllx. Il^»i«lli, 

For (|5.14p . in the same way as the case (|5.12p . we have 

2 Y^' 

'^<Nu\'' '^UxP^nuP>nu)\\^^^2 



( E 

\Af>l 



<T^ ||P»i"|lx. + (1 + ||«||^^ ||P»iz.||i^ . 

Now, we derive the estimate for (j5.13p by using the induction argument in k. 
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For k — A, we have 

- l^«iv"|'="'| < |^>jvw|' + \P>nuP^\ ■ 

From the Young inequahty, the Holder inequahty, (|5.6p and Proposition l4.11 we 
get for fc = 4 



can 



^ II 1^1 I-' «;jv "I 

^i\\P>N4lsL^ + \\P>N4LtL 



\\Pt:Nu\\^s^^ 



<N-'/'\\P»iu\\l^ 

<7v-V8 ii^ii^^ ||p»iu||^;' + (1 + ii^i 

From the triangle inequahty for complex number, i.e 
, Z2 e C, we can get | |zi |^ — 1^21^1 ^ \zi — Z2\^ for any 6' G (0, 1 



\\P»iu\\'Z' 



Zi,Z2 £ C, we can get | \zi 
For k £ (4, 5] , we have 



zi\ - \z2\\ < \zi - Z2I for 



\P^NU 



fc-2| 



<|up||u|'^-4-|P«jvu 



|fe-4| 



\P<^NU 



fc-4 



<|up |P>jvw|'' + |^'«JV'"|'' '^\P>nu\'^ + \P>nu\\P^nu 



k-3 



Then 



||^Jv((|w 



I*" ^-\P't:Nu\'' ^)wWxP«A'w)||^i^2, 



< 



ll"lli-L^ ll^>^"llL2i^ + II^>^"IIl-L^ 



+ ||P>Aru| 



\\P<Nu\\LlkL° 



\\uu 



<N- 



-Efc 



||p»i«||^;' + (1 + ii^ii^j 



where = (fc — A) /2k for fc e (4, 5]. By the same procedure, we can obtain for any 
fc ^ 4 

||PAr((|u|'=-2 _ \P^NU\''-'^)UU^P^NU)\\^,^2^ 



+ (1 + 

where Sk — {k — k)/2k > 0. Therefore, we have for any fc ^ 4 

f E ll^^((l"l'"' - \P<<Nu\'''')uU.P<<Nu)\\l,^^j 

<T^ \\uf^+J ||P»i^||^-/' + (1 + P^ hll^^ 
Thus, we have proved the desired result. 

Remark 5.1. From the proof of Lemma [5T21 we can see that 

(e ii^^((H'-i^«^"i'K)ir,T^,.l 



(5.15) 
□ 
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<T-- ll^ll^+i ||P»i^||^;' + (1 + \\u\\^^) \\u\\\^ \\P»iu\t+y' , (5.16) 

holds for any e G [0, 1) in view of Proposition 14. II 

We turn to the proof of Proposition lSTTj for the nonhnearity In.i- We also consider 
the decomposition in (|5.ip . For convenience, we denote Bn = Pn {\P'^nu\'' PnUx) — 
\P^nu\''PnPnUx- From (|XTT|) . (jX^ and we have 

\ 1/2 



E 



HwbnwIil'^ +(e fE||^M(e- 

viV»l / \Af»l \ M 



Bpfdr 



< 



Bn) 



1/2 



(5.17) 



By Lemma l5.ll the first term can be bounded by 

< hll^.^ \\P»iu\\^^ + ii + Ti \\u\\^^) ||F»i^ll^, . 

For the second term, we split the sum J2m i^^o three parts ^^.^ at + Sm-cat 

+ E ~ ~ 



For the part of M ~ TV, it is the same as Lemma 15.11 by 
summing in M such that M ^ N . For the part M ^ N, we can add the projection 
operator P^n to e~~ ^-ool^««"l '^v since B^ has Fourier support in |^| ^ N. Thus, 
by the Holder inequality, we have 



fEfE ||^M(e-/-^l-«-I^^^B.)||^^^ V) 
\Ar3>l \m<^N ^/ / 



1/2 



< 



< 



E ( E ||^~^^" 

,7V>1 \M<Af 



5](ln7V)2 



vw»i 



1/2 



l-^Jv|lii/(i-.)i2 



1/2 



(5.18) 



where e S (0, 1/fc). 

By the Bernstein inequality, we have 



N 



< 



d^rPr. 



Are 



< \\P^Nu\\^k/,^^ 



< 



l"ll 



Xt ' 



and from (j5.3p and the Holder inequality, we can get, as a similar way as in (|5.4p . 
that 



<\\P«NU 



lfc-2 



< 



2 u 



ife 
Xt 



2fc(fc-2) 
fc-2-2fce 



|(|^<A''«| )a;||^2/(l-2e)^: 
\\P<t:NUxP^Nu\\LkL2 



Pnu 
Pnu 



LILZ 



(1 + T4 \\u\ 



Xrr 



\AtxT ll^»l"llx. 



\Pnu 
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Thus, (j5.18|) can be bounded by 

< hllx. {t'^ Mx. + (1 + 11^.11;,^ hilt' \\P»i^\\xr) ( E \\Pn^\\Iil- 



1/2 



^A'>1 



<Ti \\ufl \\Pyy^u\\^^ + il + Ti \\u\\^^) \\uf^;' \\P»iu\\l^ . 

For the part M N, we can add the projection operator Pm to e~~ ^-ool^-«""l '^v ^ 
In a similar way with the part M <^ N, we have 



1/2 



1/2 



< 



,Ar>l \Af>A'' 



II^Jv|lii/(i-.)i2 



< 



l«llx. Il^^^l 



+ (1 + \\u\\^J \\u\\% ' \\P»iu\\^^ II^a'^IIl^l?? ))' 



1/2 



<Tt ii^ii^^^ iip»i^.ii^^ + (1 + T* \\u\\^^) \\ur^^;' \\p»iur^, . 

For the first term in (|5.ip . we denote it by Aat, i.e. Ajy — Pjv((|u|'^ — \P^]yu\'')ux)- 
Similarly, from ^^Q, (|XTT|) . (1^ and JXT]), we can get 



2fc-l 



E 

vAf»l 



5(i - r)e~'^ ^-~l^«""l'"''''yiiv(ir 



1/2 



1/2 / 2\ -'^/^ 

f E W^^U^j + E fE||^M(e-/-^l-«-I^^^A.)||^^^^) . 

(5.19) 



From Lemma 15.21 the first term is bounded by 

< \\P»iuf^-' + {1 + Ti M^J \\u\\l^ l|P»i^^llxt'"' • 

Noticing that (j5.16p . and in the same way as in dealing with the second term of 
(|5.17p , we can bound the second term of (|5.19p by 

< \\u\\'Z'+' ||F»i«||t^ + (1 + ll^ll^J M'Z' ll^»i^^llxt'^' • 



Therefore, we have obtained 



1/2 



<(1 + hll^) ll^ll^i ||P»i^.||t' + il+Ti \\u\\^^) ||u||t ||F»i«|lt'^' 









/ S{t-T)lN.i{r)dT 




\iV>l 


Jo 


YtJ 
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5.2. Nonlinear estimates of In,2- From ([O]) . ([3^ . (ISJ]) and (l37TOl) . we have 

2 \ 1/2 



E 



^(t-T)/jV,2(T)dT 







Yt, 



1/2 



■ !l^\P^Nu\''dy 



PmuBn,2 



\Ar>l \ A/ 



1/2 



,1/2 



(5.20) 
(5.21) 



where i3Ar,2 = jl^ \P^Nuf~^ [{P<s:nUxP<s:nu)'^ - (P^cnUxP^cnu)"^] dy. 

For the first term (|5.20[) , from Lemma 13.31 and the Holder inequality, it can be 
bounded by 

+ \\PNuBN,2h^^Ll ||5.(e-^^-~l^«""l'"''^Pjvui?Ar,2) 
<( E WPnuWI^i^, WBnAI^^i^^ + \\PNu\\l^jjy2 \\Bn^2 



1/2 



\Pnu\\i^^1^2 \\Bn^2\\'li ||P<gAfu||^2(fe+i)^^ \\PNu\\^2(k + i) 



+ \\Pnu\\l^l2 \\Bn^2\\li^l^ \\Pnu\\l^l^^ \\dxBN^2\\Ll^^) 
By the Holder inequality, we have for fc ^ 5 



1/2 



(5.22) 



< 



\P-t:Nu\ [(P«ArUi;P«Aru)^ - {P<s^NUxP^Nuf 



^ \\P<.NuP^NUx\\^^i^2 l|PcArw||^2(t-4)^„ 



and from Proposition 14. II and the proof of Lemma |5. 11 

\\Pnu\\lo.l2 WOxPn^Wl^ ^ 



(5.23) 



\\Pnu\\ 



\P<:Nu\ [{P-^NUxP-i^Nuf - {P<^NUxP<^Nu)'^] 



1z\PnUx\i^^i^2 \\P.^nUxP.^nu\ 



r2(fc-l) ,2 



\P-^NU 



,fe-2 



< \\Pf,Ux\\^^^2^ + (1 + \\u\\^;) \\ut^^ \\Py>ru\\^, 



Thus, we can bound (|5.20p by 

< (1 + ||u||^^) 11^.11^^ WPyyM^^ + (1 + \\u\\^^f \\u\t^^ |iP»iu|| 



16 



C. C. HAO 



For ()5.2H) . we split the sum J2ai parts J2m<n ~^^m^N' which gives 

the bound by 

2\ 1/2 



N:s>i \m<n 



Li 



+ (e f E ||^^^(^-) 



1/2 



PnuBm^2 



(5.24) 



(5.25) 



For the first term (|5?24ll . noticing that I]m<jv(^^>^^^ ^ ^^^^ and ([03l) . we can 
bound it by 



<hll^JI^»i"llx. 



For the second term ()5.25p . in a similar way with (|5.22|) . we bound it by 



V 2\ 1/2 

2 



/ 2 \ 

< V ||PAr«Bjv.2|liii2 + 9.e-^-^-~l^«""l''*^PjvuBjv.2 , 

\n»i " ^ ^-^V 

<(1 + ||^.||^,) (ri/2 ll^ll^^ ||P»i«|l^^ + (1 + \\u\\^j' l|/'»i^^ll^.) . 

Therefore, we obtain 









/ ^(i-T)/jv.2(T)dT 






Jo 


YtJ 



<( 



:(1 + ii^ii^^ ||P»i^||^^ + (1 + h|l^j2 11^1,^-2 iip^^^^ii^^) . 

5.3. Nonlinear estimates of 1^,3. From (|3^ . ([SJ]) and ([3TT0| . we have 

,t 2 \ 1/2 



E 

XAf»l 



^(i-T)/jV,2(T)dT 



<fE le-"^-^— l^«""l''''PiV«i?. 

\A'»l 

+ f E fE||^^^(^"^^--"'"""''''^^"^^.3 

\Af»l \ A/ 

where Bn.s = jl^ \P<,nu\^~'^ P^N\u\^{ua; + Ux)dy. 
By Holder inequality, we get 



1/2 



Li, if. 



1/2 



(5.26) 
(5.27) 

(5.28) 



\\B_ 



JV,3||rl 



< 



P<A'u|'' P^n\u\'^ {Ux + Ux) 
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<T2 ||P«JVu||^2^^-2^^ WP^.nIuI" {Ux + Ux)\\^(2k-2)/k j^2^ 



From the Holder inequality and Proposition 14. 11 we have 

\\dxBN,z\\i,2^^ |-P«JVW| P<^n\u\' {Ux ^' Ux) 

^\\P<,Nu\\)'^Lij^ II^IIlJ^-^LS? WuUxWLiJ'-ii 

\\P»in\\ 



<T^ 11^.11^'^^ + (i + r^||^||^^ 



i2fe-l 

\Xt II^S'-L^'IIXt 

In addition, for ^ 1, we have ||^'ArM||2^ooi2 < \\PNUx\\i^oa]^2 . Thus, in the same 
way as in the case /at. 2, we can bound (|5.26p by 

||2fe-l , 11 ||(5fc-2)/2^ 



+ piii + pi \\u\\^)i\\u\ 



P:>iu\\xj 

2k-l 



\P»iu\ 



5.4. Nonlinear estimates of In,4- From p.Sp . p. lip . (j3.6p and p.7p . we have 



\Ar»l YtJ 



1/2 



< 



1/2 



1/2 



(5.29) 



where -Bjv,4 = l-P-cAf^^l'' ^ PNuP^NuP<g:NUx- By the Holder inequality, we have 



\\Bna\\lil2^ < ||-P<Arw|!ifci~ ll-FW^IIifcLJ? || ■P«A''"-f<A'":i; || ^^^2 
^ r , , 



pi + (1 + ll^ll^j hll^;^ l|/'»iu|U, II^^^IIl^l?. 



Thus, the first term in (|5.29p can be bounded by 



Xt 



By the Holder inequality, we get 

L 



\B 



NA\\ 1 \\P<NU\\ k{k-2) 



\\Pnu\\ 



\P<s.nuP<^nUx 



< 



Tt + (1 + llull^J ll^»i^llx. WPNuhk^^ . 



\LiLl 



Noticing that i?7v,4 has Fourier support in |^| ~ N, we can repeat the procedure 
which we use to deal with the second term in (|5.17p . and obtain that the second 
term in (|5.29p can be bounded by 



\\ufl\\Pyy^u\\^^ + {l+Pi 



\Xt 



Xt 
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Therefore, we obtain 



E 

Viv>i 



S{t — T)Ipf^4{T)dl 



1/2 



Yt. 



<(1 



11X7 



TiM';,^\\P»iu\\^, + il + T 



' u 



) \\U\\%' \\Pyy^u\\ 



5.5. Nonlinear estimates of In.5- From p.5p . (|3.1ip . (|3.6p and p.7p . we have 
/ „^ 2 \ 1/2 



E 

VAf>l 



< 



1/2 



VAf»l 




+ f E fE||^M(e~-^-~l^«""l^^^i3^,5 

\Af>l \ M 

where -Bat. 5 = \P^nu\^^ Pnu. By the Holder inequahty, we have 



(5.30) 



and 



7" 1 — e t2 t l~2e TOO X 7 

u2k 



<T-^ \\ufl \\Pnu\\^.^^ . 

Thus, in a similar way as dealing with I^^i and Inaj ^-nd noticing that i3jv,5 has 
Fourier support in |^| ^ N, we can bound (j5.30p by 



<Ti \\ufl\\P^y,u\\x, 



6. A priori estimates for solutions. By the scaling argument 



u 



we have 



II"o.7IIl2 =7^ ^ II"oIIl2 , 



Thus, we may rescale 



||i^»lU0.7ll^i sS;^ ll"o||^i < Cwgh. < 1, 

where we choose 7 = 7(||'^o|liji/2) 3> 1, and take the time interval T depending on 
7 later. We now drop the writing of the scaling parameter 7 and assume 

ll-P^iMoll^s ^C*; OW 1 
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We now apply this to the norms Xt and H^^^, and define new version of the norms 
of Xt and £^1/2, given by with the decomposition / = P<ci + P>i, 



'-'I 



low 



and 



\P<iu\ 



\P<lC 



+ 



1 



1 



I 



\\P»inH^/^ 



Clow ^ ^ Cfiigh 

which impHes that ||wo|liJi/2 ^ 2. 

For the low frequency part, we have the following estimates 



Lemma 6.1. Let u he a solution of (|l.ip - (ll.2p . Then 
\\P<iu\\^ <Ciow+T^'^\\u\\ 



k+l 



Proof. Using the integral equation of (jl.ip 

U(t) = S'(i)uo - A / S{t~T)\u{T)\^U.^{T)dT, 

Jo 

and by jHH]), ([321), ^M: GM, (|3?T0l) and the Holder inequahty, we have 

S{t~T)P<i{\u\''u,){T)dT 
< ||F<iWo||^2 + \\P<i{\u\''Ux)\\j^i^j^l/2 < Clow + ||l'"l'''"2;||^l^^2 

ife+i 



<Ciow+T''^\\ut^' 



which is the desired result. 

For the high frequency part, we have 
Lemma 6.2. Let u and vm be given in (|2.ip . Then 



□ 



Proof. By p.ip . we have 

Pnu = e 2 J- 



1/2 



Wat. 



1/2 

For P^m'^ -norm, by the interpolation theorem, we obtain for 1, 

\\Pnu\\^i/2 < WPnuWI^ ||Pjvu|||i < II^A'lli {\\Pnu\\l2 + lia^FATuii^o- 

- / k 

^\\vn\\12 (\\vn\\l^ + |-P«JV'"| vpf +\\dxVN\ 



lL2 



< 



«iVU|lL4fe ||WAr||i4 + \\vn\ 



^ ( 1 + ll^«iV'"ll^l/2 j \\vn\\^1/2 < ( 1 + ||-P«Afu||^l/2 j ||wjv|i^l/2 



which yields the desired estimate by summing on I 



N- 
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For the L^-norm, noticing that 



we have 



+ 



(6.1) 



To estimate the second term (|6.ip . we spht the sum ~ '^N2~n + J2n2o^n- -'^'-'^ 
N2 ^ from the Bernstein inequahty, we bound (j6.ip by 



< 



".T N2~N 

^\\P<Nu\\'l^^i/2 \\PN2dxVN\\L^L2^ 

^W^Wl^H'/' \\PN2dxVN\\L^Ll- 
^ N2~N 

For the part N2 ^ N, we spht it as Ewa^Af = Eat^^w + EAr2>Ar- Noticing that 
for N2 < 



Pn (E^^i< 



■ /-oo l-P«N«|'''<iy 



N2VN 



(6.2) 



and for iV2 > ^, 



■ /-oo l-P«iv«|'''<iy 



)|P«Ar-u|''P«Ar?;Ar 



)\P^nu\''Pn2Vn , 



we can bound ()6.1|) . in view of the Bernstein inequahty and the Holder inequality, 

by 



< 



||P«Arw|li^ \\P<^NVn\\i 



E 



\\P<^nu\\l^ \\Pn2Vn\\l'^ 



<iV-(3STT) ||p^^,a^e^ 
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p. (2fc+l) p 



7-1 (2fc + l) 7-) 

PN2VN 



< 



l|w|l^l^i/2 ||wAr||^^^i/2 



Therefore, summing on Ij^, we complete the proof for the L^L^-norm. 

For the L^L^-norm, it is easy to obtain the desired result since \Pnu\ — \vn\- 
We turn to estimate the L^L^-norm. It is similar with the proof for the L^L'^- 

norm, since ||(_Da;)^/*P/vu|| 4 ~ A^^/^ ||P/vu||^4ioc. for N ^ 1. In fact, we have 



NU 



N2 



(6.3) 



We also split J2n2= EjV2~iv + J2n2*n- For ^2 ^ N, we bound ([131) by 

<iVi/4 J2 \\Pn2Vn\\l.l^ <\\{D,V^\n 
N2~N 

For the part N2 N, we split it as E^r^^jy = EAr,<Ar + Z]Ar2»Ar- Noticing that 
for N2<^N, 



Pn (Y.P^^(' 



^Pn2Vn 
N2 J 



(6.4) 



--Pn [P^Nie"^^-- l^«""l''^)P«Ar^Ar) 



and for iVg > A^, 



\ni~N2:pn 



)PN2'i^N 



we can bound ()6.3|) . in view of the Bernstein inequality and the Holder inequality, 

by 



< 



< 



LtL° 



PN.ie' 



iVl/4 ^ 



< 



Ni~N2:S>N 



{D,y/^PN2VN 



which yields the desired estimate by applying Z^-sum. 
Thus, we complete the proof of this Lemma. 

Of course, we need the following estimate of the data. 



□ 
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Lemma 6.3. For any uo e H^/"^ , we have 



\Af»l 



1/2 



PnUo) 



< 



Yt 



(1 + ll"0||^^l/2) ||f»lU0||/fl/2 



Proof. From ([331), ([321) and ([33]), we bound the left hand side of ([621) by 

1/2 



< 



E 

^Af»l 



(e fE||^M(e--/-^l — I^^^PWL, 

\Ar>l \ A/ / y 



1/2 



(6.5) 

(6.6) 
(6.7) 



From Lemma 13.31 we have 



1/2 



isi) < E [ii^«^"oiiii wpnuowI. + \\pnuo\\%m 



^W»l 



< 



(l + ho||ffi/2)||P»llio|| 



For the second term (|6.7p . it is similar with ()5.2ip . We split the sum J2m ^ 
'^M<N ~^'^M:^N- Bernstein inequality, the Holder inequality and the 

Sobolev embedding theorem, we bound (j6.7|) by 



/ 



1/2 



< 



E E {M)'^ wPNUoh. 

w»i \m<n 



+ (E ( E ||(^->^^A/(e 

\Ar>l \M>Ar 

< E K'll^A'-olk) 
\Af>l / 

+ I E ( E ^^^||(^~Me- 
\JV>1 \J\/>Ar 



1/2 



■/foo l-P«««0|'° 



1/2 



3^ /-oo l-P«Jv«o|'°dy 



)fW"0 



< 



l^'»i"o|| 



\Af>l \J\/>Ar / J 



1/2 



< 



l|P»i"o|| 



//1/2 



\JV>1 \j\/>Af 



1/2 
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1/2 



< 



ll-P»i"o||/^i/2 + ( (ll-P«Jvuo|li4fc \\Pnuo\\^4 



<( 



(1 + \\uo\\m/2) ||-P»iUollffi/2 , 
which yields the desired result. □ 

With the help of the above lemmas, we can prove the following proposition which 
yields the a priori estimate. 

Proposition 6.1. Let u be a smooth solution to (|l.ip - (|1.2p and < T ^ ^high- 
Then we have 

\\U\\ ^ C{Clo^) + C{Clo^ + 11^.11 ^J\T''^ + CMgh) \\u\\ . 

Proof. Noticing that 

and from Lemmas l6.1[l6.2il6.3l and Proposition l5.1[ we obtain through a complicated 
computation 



1/2 

<i + 1 T= WuW'Z' + + Mlt^u^) I J2 \M% ' 

'^low '^high T ^ \JV>1 



L'/oto ^high ^ ^ 

+ (1 + Ikllx.) [t^' \Wtx' \\P»Mtx^ + {l + T-^ \\u\\^^) \\u\t^ \\P»iu\t+,'-\ 
+ T--{\\ut^-' + \\utl-'^'') \\P»M\x. 
+ Ti{l + Ti \\u\\^J^\\u\\l';'\\Pyy,u\\l^ 

+ (1 + ll^^ll^J [ri \\uf^^ \\P»iu\\^^ + {i + Ti M^^r Wufxl' \\P»infx,] } 

^C + C{Cion,)T'^ M'^X' + (1 + + ll^ollffi/O 

+ CiQo^){l + \\u\\f^^rr.){Ti \\u\§+' +Ti{l + \\u\\'^^) Wuf+J 
+ tH\\u\\%' + Hull ) + C.Y/Jl + Ti \\uy^)il + hlllj 
+ Clighi^ + \\uy^) \\ufl + Cl^.il + Wuy^ni + \\u\\%^) \\u\\%+; }. 
Notice that 

Mt)\\Hl/2 < \\P<luit)\\^,+CMgh ||P»i|Ih1/2 . 

The high frequency part C'high ||-P»i II iJi/2 can be absorbed into the X^-norm. Then 
substituting Lemma 16.11 again in estimating the low frequency part of the norm 
||P<im|| roorji/2, we complete the proof of Proposition [Q] □ 
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From Proposition 16.11 we have the foUowing a priori estimate for the solution of 
(|l.ip - (|1.2p if we take T and Chigh smah enough. 

Corollary 6.1. Let u be a smooth solution to (jl.ip - (jl.2p . we have 

\W\\xt ~ ^'■"^ ~^ Chigh, 

for T and Chigh small enough. 

For the proof of Theorem II. li we can follow the compactness argument with the 
a priori estimate. Since the proof is standard, we omit the details and refer to the 
papers [H US HSl [HI Hg [22] . 
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